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Proof By Induction

Proof: (By induction)
Base Case: (n=0).

0
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Consider n=0, ie LHS = (x+9)° = 1 and RHS = Z(k)xo_kyk = (O)xoyo = 1. Therefore it is true for n = 0.
k=0
Inductive step.
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Therefore our statement is true for n = k + 1.
Since our statement is true for n = 0 and if it is true for n = k it is true for n = k + 1 it is true for n > 0 by the
principle of mathematical induction.
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Proof By Combinatorics
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Example

Find the first 4 terms of (2x — 3)® in ascending powers of x

(2x=3)0 =0Cy(2x)°(=3)0 +0C; (2x)1(=3)° + 0 Co(2x)*(=3)* + 0 C5(2x)3(—3) + o(x*)

6-5 6-5-4
:1-1-729+6-2x-(—243)+ﬂ~4x2-81+3 5 8x3 - (=27) + o(x*h)

=729 -2916x + 9720x% — 4320x> + o(x*)

Example
In the binomial expansion of

(1 +kx)®

where k is constant, the coefficient of x3 is twice as large as the coefficient of x2. Find the value of k

coefficient of x> = $C5k>
6545
3.2-1
= 20k’
coefficient of x> = C, k>
65
241
= 15k*
= 20k% =2-15k?
3
k=
- 2

k2
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Example

Calculate the coefficient of x? in the expansion of (2x +1)3(2 — 3x)*

(2x+1)>=3Cy-13-(2%)° +3C, - 12- (2%) +3C, - 11 - (2%)% + o(x)
=1+ 6x+12x> +o(x%)

(2-3x)t=4Cy- 2% (-3x)° +%Cy - 23 - (-3x)' +4Cy - 2% - (—-3x) + 0(x®)
=16 —96x + 216x% + o(x>)

= (2x+1)3(2-3x)* = (1 + 6x+12x% + 0(x%))(16 — 96x + 216x% + 0(x?))
= 4(1-216-6-96+12-16)x* +---
= —168x%+---

Extra hard problem: Show that the coefficient of x is 0 without doing any calculation
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Example

Find the number of pairs of positive integers x,y which solve the equation:

x> +6x%y +12xy* + 8> = 1,000,000

Note this expansion looks suspiciously like (x + 2y)3, in fact it is, so we want x + 2y = 100, or x = 100 - 2y, so
ye{l,2,---,49}



